This article deals with the collision of steel bars with external surfaces. The central issue of the article is the investigation of the fundamental concepts that are used to solve collision problems by using rigid body theory. We particularly focus on low velocity impacts of relatively rigid steel bars to test the applicability of these concepts.
used to obtain the equations of motion during impact. Computed and experimental results were compared to establish the accuracy of numerical model.
The internal vibrations of the bar and multi impacts between the bar and the surface were found to be two main factors that cause the variation of the coefficient of restitution. Furthermore, a slenderness factor was proposed to identify the subset of collision problems where the coefficient of restitution was invariant to the inclination angle.
Introduction
Collision problems play an important role in many engineering applications. There has been an impressive number of publications that focus on analytical and experimental analysis of impact problems. Two basic approaches, which differ in the treatment of the colliding bodies, have been developed. The first approach simplifies the mathematical formulation by considering rigid colliding bodies (with the exception of local deformations in the neighborhood of the collision point). The second approach is more sophisticated and the colliding bodies are allowed to undergo local and global deformations.
The rigid body treatment of impact dates back to Newton (1686) . There has been a continuing effort up to date, geared toward improving the solution methods and handling more complicated problems. The latest focus point in the area has been the energetic consistency of the solutions of rigid body collision problems in the presence of friction. The developments in the area have led to three definitions of e: kinematic (Whitaker, 1904) , kinetic (Keller, 1986) , and energetic (Stronge, 1990) . In addition, two methods of formulation (algebraic and differential), were used to develop the necessary equations to solve impact problems. A comprehensive analysis of the theoretical outcomes that are predicted by each method can be found in Hurmuzlu and Marghitu (1993) for planar problems and Marghitu and Hurmuzlu (1995) for three dimensional problems. The conclusion of the authors was that analytical solutions alone were not sufficient to judge the accuracy nor the completeness of the solutions. They further pointed out that in the light of the recent developments in the area, experimental evidence was needed to assess the validity of the proposed methods.
The main goal at the onset of the present study was to experimentally evaluate the recent impact theories for rigid bodies. We should emphasize that our main focus in this study lies in the area of robotics. Therefore, we strictly focus on low velocity collisions of slender members with external surfaces. The recent developments were originated from the application of the classical methods to systems that consist of members with distributed masses such as kinematic chains (Kane and Levinson, 1985) . For this purpose we developed an experimental set-up to investigate the collision of freely dropped steel bars (tool steel) with a hardened tool steel surface (hardened steel was chosen to approximate, as much as possible, rigid body collisions). As we will see below, the experimental results suggested that there was a secondary mechanism, beside the one that was being captured by the restitution factor in the theory of rigid collisions. This mechanism is strongly coupled with the vibrational motion of the bars during the collision process. Previous researchers conducted several studies to investigate the effect of elastic vibrations on the post impact rigid body velocities of slender bars. Shabana and Gau (1993) conducted several theoretical studies focusing on the longitudinal waves induced by a concentrated mass longitudinally impacting a constrained beam. Yigit et al.(1990a) , developed a theoretical model of the dynamics of a radially rotating beam transversally impacting an external surface. They verified their model by simulation and experiment (Yigit et al., 1990b) . Yigit et al. (1990b) noted the existence of multiple collisions in certain experiments they have conducted. This phenomenon was previously noted by other investigators in the area. Mason (1935) showed that an impact which appeared single to the naked eye consisted in reality of several collisions in quick succession. Goldsmith (1960) remarked that multiple impacts were a peculiar characteristic of impacts involving flexible systems. A comprehensive study of this phenomenon and its effect on collision, however, was never conducted before.
In the present article we study the collisions of unconstrained slender rods with a massive external surface. The main difference of our experiments is that we consider the effect the eccentricity of collision on the post impact dynamics of the bar. We demonstrate that the orientation of the bar with respect to the external surface may become (depending on the length of the bar) by far the most dominant factor in the post impulsive rigid body motion. To the best of our knowledge, the drastic effect of the orientation on the coefficient of restitution was never analyzed nor explained before. In the succeeding part of the article we first present the experimental set-up.
Then, the results of a set of experiments that exhibit the variation of the coefficient of restitution with the orientation of the bar are given. Next, we develop an analytical model based on the discretization of the bar. We verify our model by comparing theoretical outcomes with experimentally obtained results. Subsequently, using the model, we seek to capture two physical phenomena: internal vibrations and multiple collisions. We demonstrate that these factors lead to drastically different post impact behavior than the one predicted by rigid body analysis. We conclude the article by proposing a slenderness factor to identify the class of collision problems where the coefficient of restitution is invariant to the inclination angle.
The experimental design
The main goal of the present investigation was to study the planar motion collisions of relatively rigid bars with massive external surfaces. For this purpose an experimental set-up was developed. The collision was created by dropping hardened steel bars from a vertical distance, on a massive cast iron block with an embedded tool steel cylinder at the impact point. We built a device to be able to vary the pre-impact orientation and velocity of the bar in a controlled and repeatable manner. A high speed video system was used to capture the kinematic data. In addition, the contact time between the bar and the surface was measured by using an electrical circuit.
Instrumentation
The experimental set-up, shown schematically in Fig. (1) , consists of the following main components:
1. The bar: Six hardened steel bars (heat treated up to 55 HRC) with circular cross sections and various lengths (Fig. (2.a) ) were used. Each bar had semi-spherical ends to achieve relatively uniform contact conditions. The mass density of the bars was ρ = 7876.74Kg/m 3 and their Young's modulus of elasticity was E = 2.1 * 10 11 N/m 2 . The experiments were conducted with six different lengths ranging from 63.5 to 600 mm. The bars were painted flat black in order to obtain contrast during the video processing. Three reflective markers, one at the mass Figure 1 : Sketch of the experimental setup center and the other two located symmetrically at known distances from center, were used to capture the kinematic data.
2. The dropping device: The dropping device was designed to meet two requirements. First, the motion of the bar before and after the collision was to be remain as planar as possible. Second, the pre-collision velocities and orientations of the bar should be independently adjustable while maintaining the same impact point. As shown in Fig 3. The data acquisition system: A high speed video system (NAC HSV-1000 with a capture rate of 1000 frames/sec) was used to acquire the kinematic data. Video images of each experiment were transferred to the computer and the center locations of the three markers on the bar were computed. The position data was then used to calculate the inclination angle of the bar at the instant of collision and the pre and post impact velocities.
The contact between the bar and the surface was used as a switch in an electrical circuit in order to sense the duration of collision (Fig. (1) ). The contact events during the collision were detected by capturing the voltage generated in the circuit with a triggering oscilloscope.
Processing of the kinematic data
The high speed video camera records the white markers on a black background. For each experiment, 30 frames before and 30 frames after collision were used to estimate the kinematics of the bar. The images were transferred to the computer to be processed by a specialized program (developed for the present project) in order to digitize the position of the markers with respect to the global reference frame. Then, the data was divided into pre and post collision parts. An algorithm based on the free motion of the bar in the gravitational field was used to interpolate both pre and post position data. The angle of the bar at the contact instant (θ), the angular velocities of the bar immediately before and after collision (θ − ,θ + ), and the center of mass velocities (ẋ − ,ẏ − ,ẋ + ,ẏ + ) were estimated from the interpolated data ( Fig. (2.b) ). We should note that, during the collision the position of the bar changes while the bar deforms. These deformations were on the order of micro-meters, such that they could not be detected on the video images. Therefore, the experimentally obtained kinematic data only reflects the general rigid body motion of the bar.
Testing rigid impact hypotheses
Lately, there has been much discussion regarding the hypotheses used in solving rigid body collisions. As we stated earlier the primary goal of the present research was to test these hypotheses. Generally, formulation of rigid body collision problems are based on two physical laws, Coulomb's law of dry friction and balance of momentum. Also, an additional relation is obtained by using the coefficient of restitution. The most controversial aspect of the conventional methods has been the proper definition of this coefficient. Yet, theoretically speaking, it is well known that all definitions yield identical results when the slip direction at the contact point remains unchanged during the collision period. Accordingly, we tested the validity of Coulomb's law and the invariance of the coefficient of restitution for collisions where the slip direction remains unchanged.
Coulomb's law of dry friction
The validity of the Coulomb's law for rigid impact problems was tested experimentally. For this purpose, the bar was dropped with zero tangential and angular velocities (Fig. (2.b) Figure (3.a) depicts the experimentally computed tangential velocities of the tip of the bar before and after the impact. The initial tangential velocity was practically zero (slip reversal is impossible for a rigid bar with zero tangential velocity, Brach, 1989), while its value after the collision was negative. In each experiment the impulse ratio, µ, was computed as the ratio of the tangential and normal impulses over the collision:
For large angles (Fig. (3.b) ) the bar does not slip during the collision (approximately θ < 81 • ). Accordingly, the impulse ratio is equal to the kinetic coefficient of friction, µ k , in the unshaded region of the plot. We observed that the kinetic coefficient of friction was reasonably constant for the dynamic range (i.e. the bar slips during the collision). The kinetic coefficient of friction for the present study was estimated from the mean of the computed values in the dynamic range as µ k ≈ 0.075 Furthermore, one clearly observes the linear variation in the static range (the shaded region of the plot) as expected for the no slip case. The impulse ratio is equal to the static coefficient of friction, µ s , when the slip is impending at θ ≈ 81
• . Accordingly, µ s was estimated as µ s ≈ 0.1 From these observations, we may also conclude that the Coulomb's law remains generally valid in the class of collisions that are considered in this article.
Coefficient of restitution
Since we have conducted the experiments such that there were no slip reversals, the coefficient of restitution was estimated from the kinematic data. The kinematic coefficient of restitution was computed as the ratio between post and pre impact normal velocities at the contact point (Fig. (3.c) ). The experimental results revealed that the coefficient of restitution exhibits significant variation as the inclination angle of the bar varied. This variation spanned over seventy percent of the expected range of all possible values of the coefficient (0-1). The figure depicts the coefficients for the four sets of experiments. It was clear that the dependence of the coefficient of restitution on the normal pre-impact velocity was negligible for the range of velocities used in our study. One important aspect of the experimental results is the lack of rebound for certain configurations during the impact, which will be addressed later in the article. It became clear to us that the restitution coefficient alone used with the rigid body model was not sufficient to account for all the mechanisms involved in the energy loss.
These results prompted us to question the applicability of the concept of restitution for slender bars that are often used in example problems of rigid body collision. The main objective was to determine geometrical factors that could be used to identify the class of problems where the rigid theory can be used without significant errors. We also opted to follow more complex methods that can be used to explain the causes of the variation in the kinematic coefficient of restitution. We particularly focused on incorporating additional mechanisms of energy loss to our formulation, such as transfer of energy from the rigid body motion to internal elastic motion of the bar.
Theoretical modeling
We used a discrete model to represent the dynamics of the bar during the collision process. Our main goal here was to capture the underlying physical behavior of the bar during impact. The ultimate test of the validity of the methods that were used was going to be the ability of the model to duplicate the physical behavior as it was captured by the video system. We remind the reader that the sampling time of the video system falls well short of the speed (micro second time scale) and resolution (micrometers) requirements that were necessary to capture the micro behavior.
Equations of motion
We sectioned the bar into n equal rigid segments of length l = L/n. The segments were connected to one another by a pair of visco-elastic links placed symmetrically at a transverse distance of a/2 from the neutral axis (see Fig. (4.a) ). Each link consisted of a linear spring (assigned a uniform stiffness, k) and a viscous damper (assigned a uniform damping coefficient, b). The reason of using two links mounted as described was to establish coupling between the longitudinal and bending stresses developed in the bar. The longitudinal elasticity of the bar was set by choosing the constant k and the bending stiffness was set by choosing the distance a. The viscous dampers were used in order to take into account the internal dissipation of the bar.
Using n elements, the bar is replaced by a 2n+1 degree of freedom system with a generalized coordinate vector x given by The components of x were chosen as shown in Fig. (4.a) . Equations of motion for the bar now can be written in the following general form,
where, M(x) is the (2n+1)×(2n+1) mass matrix, Λ 1 and Λ 2 are (2n+1)×n, x dependent matrices, and Λ 3 is a (2n + 1 × 1) vector depending on x, the normal force at the contact point, Q n , and the tangential force at the contact point, Q t . The equations of motion were generated by computer using Mathematica, and are rather complex and long. Therefore, their specific forms will not be presented here. The normal force exerted by the surface at the contact point was modeled as,
where, K is the surface stiffness (different than the one taken for the bar), B is the ground damping coefficient (also different than the one taken for the bar). This form corresponds to a linear spring and a viscous damper chosen in a form that was proposed in Lee and Wang (1983) (see also Yigit et al., 1990c) . The tangential component of the contact force was chosen using Coulomb's friction model with the static and kinetic coefficients of friction selected as µ s = 0.100 and µ k = 0.075 respectively (estimated from Fig. (3.b) ).
The rigid body motion
Solution of the system of equations given in Eq. (1) yields the generalized coordinates and velocities that represent the motion of the elastic model of the bar. Further steps were required in order to contrast this data against the experimentally acquired kinematic data. We should recall that the experimentally acquired kinematic data reflected the general rigid body motion of the bar. Kinematics of center of mass of the elastic bar could be directly compared to the rigid body motion of the mass center. The rigid body angular acceleration of the elastic bar was computed from,
where,ẍ andÿ are the central accelerations,J is the centroidal moment of inertia. The rigid body angular velocity and displacement were obtained by numerically integrating the angular acceleration.
Estimation of the bar and surface parameters
The elastic model involves five parameters k, b, a, K, B that have to be determined. The approach that was taken in this study to evaluate the parameters was kept as simple as possible. Again, the validity of the approach will be tested by comparing the simulated macro behavior of the bar and the actual experimental data. The constants k and a were evaluated by using Hooke's law and Euler's equation. We consider two simple static problems:
Longitudinal calibration of the discrete model:
The axial static displacement at the center of a vertically hanged bar due to its weight can be expressed as,
where, ρ (Kg/m) is the linear density, g (m/s 2 ) is the gravitational acceleration, L (m) is the total length of the bar, E (N/m 2 ) is the Young's modulus, and A (m 2 ) is the cross-sectional area of the bar.
The displacement of the central element of the discrete model in the same configuration can be written as,
where, F i is the cumulative gravitational force acting on the spring pair at the i th connection. Here, the number of elements n is odd, such that one element is exactly situated at the middle of the bar and its center coincides with the bar's center. Given that the weight of each element is ρL/n we obtain
Equating δ c = δ d and solving for k we get
Transversal calibration of the discrete model:
The rotation of the transversal section at the center of a horizontal cantilever bar acted upon by its weight can be expressed as,
where, I z is the cross-sectional moment of inertia (I z = πd 4 /64 for bar with circular cross-section).
To proceed with the discrete model we consider the static equilibrium of a section of the discrete bar that starts from the i th connection and ends at the n th segment. For small deflections, the moment equation at the i th connection can be written as,
where, φ i is the relative rotation (see Fig. (4.b) ). Here, the first term is due to the weights of the segments in the section and the second term is the moment of the spring pair at the i th connection. In addition, the absolute rotation of the (i + 1) th segment u i can be written as,
where, φ i is the relative angular deflection between segment i − 1 and segment i. Using Eqs. (8) and (9), the rotation of the center segment is
Setting u c = u d and solving for a and replacing k by Eq. (6), we obtain,
where, we observe that a depends just on the number of elements n for a bars with identical cross sections.
The effect of internal damping in the bar was neglected by choosing b = 0. This was done because it took several seconds (acoustically estimated) for the vibrations induced in the bar by collision to diminish, while the impact occurred in a span of several hundred microseconds (depending on the length of the bar). The stiffness and the damping coefficients (K and B) at the contact point were estimated from central collisions of the bars (i.e. vertical drop angle). We discovered that the simulated collision time was mainly affected by the stiffness coefficient K and the number of elements n (the effect of the damping coefficient B was insignificant). In addition, the damping coefficient B could be used to adjust the simulated rebound velocity for central impact.
It should be pointed out that the experimentally estimated energy loss for a central collision can only be achieved by properly setting the value of B.
Accordingly, the value of the stiffness was determined by simulating a central collision with a particular bar. Then the values of K and B were tuned such that the numerically computed contact time and the kinematic coefficient of restitution matched the experimental values. In the present study, we estimated these two parameters from the central collision of the 200 mm bar as K = 5.5 × 10 7 N/m and B = 2.0 × 10 7 N s/m 2 . The number of segments n, was adjusted such that the results computed by the chosen coefficients exhibited acceptable agreement with experimental values for all bars and at all angles. We found out that nine segments (n = 9) were sufficiently many to satisfy this requirement.
Analysis of the Results
In the present analysis, first we demonstrate that the discrete model approximates the overall physical behavior of the bar. Once we verify the validity of the model, we use the discrete system to investigate the micro behavior during collision. One fundamental observation that was made in this study was the effect of internal vibrations and multiple "micro" collisions on the energetics of impact. We show that the internal vibrations may be the most dominant factor in causing the bars to lose energy (i.e. significantly higher that the one predicted by any restitution theory). Finally, we present a geometric factor that can be used as a guideline for the applicability of the rigid body theory in solving the collision problems of slender bars.
Experimental verification of the discrete model
Five sets of experiments were performed using five bar lengths varying between 100-600 mm (see Fig. (2.a) , we will discuss the bar with L =63.5 mm later in the article). Kinematic data and contact time measurement from the vertical drop experiment of the 200 mm bar were used to compute the five structural parameters. Having obtained the numerical values of the parameters, the results of the simulation were compared to the experimental outcomes for all bars dropped at angles ranging from 0
• to 90
• . All experiments were conducted with zero pre-contact tangential and rotational velocities (i.e.ẋ − = 0 andθ − = 0). In the normal direction, however, the pre-collision velocity was set to four discrete values for each drop angle (ẏ − =-1, -2, -3,and -4 m/s).
As mentioned previously, the numerical computation was conducted with nine elements. The accuracy increased with the number of elements n used. Yet, complexity of the equations of motion significantly increased with the increasing number of elements. We determined that n = 9 yields acceptable results for the bars considered in this study at a reasonable computational time. The computed and experimental results for the five bars are depicted in Fig. (5) . We observed that the macro behavior of the real system (kinematic coefficient of restitution) was captured reasonably well by the discrete model. The drop in the coefficient of restitution was captured almost perfectly. This outcome was particularly encouraging, since the parameters were obtained from a single experiment with the 200 mm bar.
Analysis of the multi-collision phenomenon
The experimental and numerical results demonstrated that the coefficient of restitution varied significantly as a result of varying the angle of the bar, θ. The primary reason in the variation of the normal rebound velocity was the exchange of energy between the rigid body and elastic motions of the bar. This exchange was inherently tied to the motion of the tip of the bar with respect to the impact surface during the collision event.
As can be seen from the coefficient of restitution plots (Fig. (5) ), the normal rebound velocity was maximum for the central collisions. Then, for all bars, a steady drop of the rebound was observed until a critical angle θ c is reached. In addition, we observed that all bars had one collision for a drop angle range of θ c ≤ θ ≤ π/2. When the drop angle was less that the critical value, we observed an increase in the coefficient of restitution and emergence of second or more micro-collisions. The critical angle, θ c depends on the length of the bar as can be observed from the graphs shown in Fig. (5) .
Let us consider the energy profiles during the central collision of the 200 mm bar (Fig. (6) ). We identify four compartments of the energy that play key roles during the collision process:
1. The kinetic energy of the rigid-bar, E r :
( 1 2 ) where, m andJ are the mass and the centroidal moment of inertia of the bar respectively.
2. The elastic energy stored internally by the bar, E i : where, K j is the kinetic energy of the j th segment and P j is the potential energy stored in the springs between the j th and (j + 1) th segments.
3. The potential energy of the surface spring, E s :
This expression yields the surface spring energy (Ky 2 ) for y < 0, and is zero otherwise.
4. The energy dissipated by the surface friction and damping, E f :
This term was evaluated as the difference between the total energy of the bar at the onset of the collision (E − r ), and the remaining three energy components (E r + E i + E s ). Fig. (6) depicts the numerically computed tip displacements and the energy components (as percentages of the total energy at the onset of impact). At θ = 90
• (Fig. (6.a) ) the collision is central and we have a single collision. The total energy at the onset of the impact is solely composed of the kinetic energy of the bar due to the rigid body motion (E − r ). When the contact takes place, we observe a steady drop in E r as a result of energy transfer to the three other compartments. Then, slightly before the instant of maximum compression at the tip (y is minimum), a reverse process takes place, during which energy is transferred back to the rigid body compartment. The energy exchange between the internal and rigid compartments continues while the tip of the bar remains in contact with the collision surface. At the end of collision 3% of the initial energy (E − r ) remains inside the bar as longitudinal vibrations (E + i ) and 25% is dissipated through the surface damping and friction (E + f ). When the bar loses contact with the surface the energy transfer between E r and E i does not take place. The vibrational energy of the bar at the end of the impact (E + i ) will be eventually damped out internally and lost (i.e. will never be recovered by the rigid motion).
When the bar is dropped at the critical angle, θ = θ c = 64.3
• , we still have a single collision, yet the collision is not central. For this case, we also observe that the rigid body energy of the bar decreases steadily during the initial phase of the collision. The profile of the E f component of energy remains very similar to the central collision case. The difference, however, is due to the rate of transfer of energy from the internal compartment, E i to E r in the later stages of the collision. As a matter of fact, we observe a steady increase in E i throughout the collision process, resulting in E + i =50 %. Thus, we conclude that the mechanism that leads to the significant variations in the coefficient of restitution is mainly due to the residual energy that remains internally in the bar when the contact is lost. In addition, once the collision is over, one can see that the tip of the bar approaches the surface (due to the internal vibrations) and almost establishes contact once again (marked by M on Fig. (6.(b) ). The increase in the rebound velocities when the drop angle is decreased beyond the critical angle is inherently tied to the additional collisions that will arise for θ < θ c (see Fig. (5.(b) ). When a second collision takes place, the internal energy that was present in the bar at the end of the first collision, once again will be partially transferred to the rigid compartment due to the renewed contact. As more collisions appear a complex chain of events that depend on the phase of the elastic motion of the tip of the bar with respect to the contact surface leads to the behavior that was seen on Fig. (5) . The same effect can be better highlighted by comparing the simulated internal energy that remains in the bar obtained by allowing the bar to have a single collision (other collisions suppressed numerically) to the full simulation results with multi collisions (Fig. (7) ). We observe that significant portions of elastic energy are transferred to the rigid body energy compartment of the bar as a of result additional collisions. For example, for θ = 57
• we observe that approximately 60% of the energy that remained in the bar after the first collision is recovered when the second collision is complete. 
Applicability of the classical restitution hypothesis
Rigid body models used in collision problems assume that a negligible fraction of the initial kinetic energy of the system is transformed into vibrations of the colliding bodies (Goldsmith 1960) . Therefore, rigid-body models produce acceptable results when the above assumption is valid but will be in error when a significant percentage of the initial energy is converted into vibrations. Hence, the main determinant in the applicability of the rigid theory to the problem at hand (i.e. collision of slender bars with external surfaces) hinges on two variables: the critical angle θ c and the kinematic coefficient of restitution at this angle e c . To study this aspect of the problem, we considered the bars with a diameter ofd = 12.7 mm that we have used in the experiments. Then, we have numerically obtained the values ofθ c andē c at the bar length that yields an e c which is 5% less that of the central coefficient of restitution (i.e. the coefficient of restitution at θ = 90 o ). Subsequently, we varied the diameter incrementally, and computed the corresponding bar length values that produced identicalē c values. Having obtained sufficiently many pairs of values (twelve points were used in the actual computation), we plotted the length versus diameter values in a log-log scale ( Figure (8.a) ). In Fig. (8.a) , the dimensions for d and L were chosen in meters. We varied the diameter d between 0.011-0.057 m and the corresponding length variation was computed as 0.049-0.476 m.
Noting the linearity of the relation we defined an empirical slenderness factor γ as:
where, the exponent was computed as p = 1.3815 for the steel bars considered in this study. Next, we plotted the variables θ c and e c by varying γ for three diameter values and bar lengths up to 600 mm (Fig. (8.b) ). The most striking observation from this figure was that the e c values computed for a fixed value of γ were almost invariant. The same invariance was also observed, perhaps to a lesser extend for larger values of γ, in θ c values. Now, we assume that the rigid body theory is only applicable when a 10% variation of the coefficient of restitution due to the changing eccentricity can be tolerated. This assumption leads to the identification of the range of slenderness coefficient that can be used as a guideline to use the rigid body theory (shaded gray in Fig. (8.b) ):
One final experiment with a bar length, L = 63.5 mm and a diameter, d = 12.7 mm (γ = 26.45) was conducted to verify variation of the coefficient of restitution for a bar with a slenderness factor that was in the border of the shaded region of Fig. (8.b) . Figure (9 ) depicts the simulated and experimental e k values of the bar. As can be seen from the figure, the variation in e k was substantially less for this case. We note that the excessive scatter in the experimental data for smaller angles was mainly due to the difficulties we have encountered in acquiring the kinematic data for the shortest bar.
Conclusions and Recommendations
In the present article we studied the collision of slender bars with external surfaces. We have made an attempt to approximate rigid collisions by selecting hardened steel bars and surfaces. As result of the study we can provide an answer to the following questions: The most important outcome is that the rigid body theory (the invariance of the coefficient of restitution) has a very limited applicability even for highly rigid material and low impact speeds.
Is Coulomb's theory of dry friction valid for collisions?
We have observed that Coulomb's theory of dry friction remains generally valid for the surface contact friction during the collision.
Is the coefficient of restitution a material constant that strictly depends on local contact properties?
The coefficient of restitution, which is inherently tied to the internal vibrations evoked in the bar as result of collision, does not strictly depend on local contact properties. Indeed, we have observed that when the bar has a sufficiently low slenderness ratio, the coefficient of restitution remains relatively unchanged by the orientation of the bar. Then, it may seem that the coefficient of restitution depends on the local deformations at the contact point. Yet, in general the coefficient is strongly tied to the global properties of the bars, and the outcome of the impact greatly depends on the overall material properties and the dynamic conditions during impact.
What are the physical phenomena that cause energy loss in collision?
The first mechanism that caused energy loss was the local deformations in the neighborhood of the contact point and the dissipation of energy to the external surface. We have discovered, however, that a second, and an important factor was the internal vibrations of the bar induced by the impact. For certain configurations, the effect of the latter significantly superseded the effect of the former mechanism. Given that the rigid body theory does not take into account the internal vibrations, it should be used with great caution and under very specific circumstances.
Is the impact event a single collision as generally perceived by the mechanics community?
We observed that impact is generally a multi collision event. In noncentral impacts the flexural vibrations lead to lateral displacements at the contacting end that were significantly larger than the axial displacements. This increased the possibility of occurrence of the multiple collisions. The surprising finding, however, was that multiple collisions lead to energy recovery and an increase in the coefficient of restitution. Intuitively one may hypothesize that a second collision would lead to further energy loss as result of local deformations. Although, this is true to a certain extent, the recovery of internal energy has a more dominant effect. Consequently, the overall effect of additional contacts is often the elevation in the magnitude of the coefficient of restitution.
Because of the questions raised by the present study regarding the limited applicability of the rigid body impact theory, it is natural to seek alternative methods to be used in place of the coefficient of restitution. One alternative method would be the approach taken in this paper, that is using discretized models. We have demonstrated that (at least for rigid slender bars) estimating the stiffness and damping coefficients produces acceptable results in terms of predicting the outcome of the collision. Continuous models based on modal analysis and finite element models may also be considered for this purpose.
Finally, we should emphasize that the study was conducted with slender rods and low impact velocities. The natural applicability of these results should be in the area of robotics. Furthermore, additional tests with other materials and different geometries are needed in order to further generalize the results reported in the present article.
